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Abstract 
A solution of the diffraction problem for a submerged sphere in finite water depth based on the linearized potential 
theory is presented. The sphere can take different positions relative to the bottom. A new method is suggested to solve 
this problem. This method is a generalization f the integral transforms. Two systems of the curvilinear coordinates are 
used, two spectral systems are constructed and two spectral functions are introduced to obtain the solution. For the first 
spectral function an integral representation is obtained, for the second spectral function an integro-operator equation is 
derived. Different asymptotic approximations are considered. (~) 1998 Elsevier Science B.V. All rights reserved. 
AMS classification." 35L20; 35Q05 
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I. Introduction 
Diffraction of  water waves by a sphere belongs to a class of  three-dimensional diffraction problems 
for axisymmetric submerged bodies with a vertical axis (DP), that are characterized by the presence 
of  a curvilinear boundary in the vertical direction. Extensive work has been reported over a number 
of  years on solutions for this DP. 
Two methods are predominantly used for solving these DP, the method of  multipoles and method 
of  integral equations. 
In [16, 13, 22] the method of  multipoles (MM) was used to study the diffraction by a sphere in 
infinite and finite water depth. The sphere was situated in water without touching the bottom. The 
MM is based on an one-parameter family of  solutions of  the boundary value problem, which consists 
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of two terms a singular solution of the Laplace equation and an integral component, describing the 
corresponding wave motion. It converts the DP into series equation of the second kind with regular 
kernel for the coefficients of the multipole expansion. 
An integral-equation method based on Green's function was developed in the papers [3, 6, 9] for 
the solution of a class of DP for axisymmetric bodies in the finite water depth. The method uses 
series and integral representations for Green's function. The DP is reduced to an integral equation 
of the second kind, whose kernel is a normal derivative of the Green's function. 
There are other methods for this problem. 
In [19] special series solutions were used with a collocation scheme to solve the DP for the 
submerged sphere in infinite water depth. 
In [21] curvilinear coordinates have been applied with the source-distribution method to solve the 
DP for a submerged spheroid in water of infinite depth. The problem is reduced to two-dimensional 
system of algebraic equations of the second kind. 
The combination of curvilinear coordinates and integral transforms (IT) was used [5] to obtain an 
asymptotic representation for the diffraction field near a sphere in infinte water depth, whose pole 
lies on the free surface. 
In the present paper we propose an alternative method for the solution of the DP for a submerged 
sphere, based on the IT technique. 
The IT and its modifications yield an effective tool for solving linear problems of applied mathe- 
matics. This method is based on Sturm-Liouville problem for the differential operators of the second 
order. One constructs a spectral system of the differential operator (spectrum and set of eigenfunc- 
tions), introduces a spectral function and constructs on this base the solution of the problem. For 
the inversion of spectral expansion one uses an orthogonality relationship (or f-function expansion). 
Usually, a one-parameter spectral system is applied in the presence of two independent variables in 
the equation. The IT in its direct interpretation reduces the problem to a differential equation for the 
spectral function. A good review of this method can be found in [4, 15, 17, 18]. 
In the present paper we develop a method for solving the DP for the sphere in finite water 
depth, which can take an arbitrary position relative to the bottom. This method can be regarded 
as a generalization of the IT technique. In comparison with the IT it employs two spectral pa- 
rameters and two spectral functions (for a boundary-value problem with two independent vari- 
ables) and with them it gives the possibility to widen the spectral space for the representation f
solution. 
In brief, the method can be presented as follows. We introduce two local systems of curvilinear 
coordinates connected with the body and with the free surface. Then we split the boundary-value 
problem for the Fourier components of the velocity potential into two coupled problems, which are 
written with respect o these coordinate systems. This separation seems to be natural, because one of 
the systems describes the fluids motion near the body, the other describes the wave motion in fluid 
with free surface. Then we formulate the corresponding Sturm-Liouville problems and determine 
two spectral parameters and two systems of eigenfunctions. Introducing two spectral functions, the 
first of them depends on two spectral parameters and the second depends on one spectral parameter, 
and construct a bispectral representation for the potential. 
The representation for the first spectral function can be found from the free surface condition using 
the first integral transform. For the second spectral function we obtain an integro-operator equation 
from the boundary condition on the sphere using the second integral transform. 
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This method applies a pair of integral transforms and it can therefore be regarded as the dual 
integral transform method (DIT). However, it is not an independent application of two integral 
transforms, because these transforms are coupled in the first spectral function. 
The DIT transforms a problem to an integro-operator equation for the spectral functions, which 
contains two parts: the operator component and the integral component. The operator component 
can be presented as a differential operator, difference operator or functional operator, the integral 
component contains an integral or a sum operator. 
In the present paper we use the following pairs of integral transforms to solve the DP for the 
sphere in finite water depth, Hankel-Hankel, Hankel-Legendre and Hankel-Mehler-Fock integral 
transforms (Sections 3-6). For the small sphere approximation the pair Hankel-Legendre is applied 
(Section 7). 
2. Formulation of the problem 
We consider the three-dimensional wave motion within the framework of linear wave theory. 
Suppose that there is a fixed sphere with the radius a located in water of finite constant depth d. 
The distances from its centre to the free surface of water and to the bottom are equal d+, d_ 
respectively, so that d+ + d_ = d. The sphere can take an arbitrary position relative to the bottom, 
but it cannot intersect the free surface, d+ > a. 
We introduce a Cartesian coordinate system x = {x, y, zl Ix, y, zl <2} and a cylindrical coordinate 
system x = {r,z, O lO<r<e~, Izl <2 ,  101 <,r}, in which (x,y),(r,O)-plane coincides with the undis- 
turbed free surface and the z-axis is oriented vertically downwards. The origin of these coordinate 
systems is taken on the free surface vertically above the centre of the sphere. 
The uniform wave train travelling in the direction of decreasing x is incident on the sphere. This 
train can be written by a velocity potential: 
iyf0 cosh k(z - d) e_i(kx+crt), (2.1) q9 0 = __  
a cosh kd 
where f0 is the amplitude of the wave, 9 is acceleration of free fall, k is the wave number, 
is the frequency so that o -z = 9k tanh kd. The time factor e -i~t will be dropped in future calculation. 
We seek the solution of the problem in the form 
q9 = igf° (q~ 0÷ ~), (2.2) 
a 
where q~ is the dimensionless potential of the perturbed motion. The formulation of the DP in terms 
of the dimensionless potential takes the following form: Laplace's equation, the wave boundary 
condition on the free surface, the condition of no flow through the bottom and spherical surface, the 
finiteness condition on the axis of symmetry and Sommerfeld radiation condition at infinity [9]: 
A4~ = O, xE~2, (2.3) 
- -+sq~=0,  z=0,  (2.4) 
0z 
0~ 
=0,  z=d,  (2.5) 
c~z 
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0~ 
On V(x), x E f2, (2.6) 
qb < cxD, r--~ 0, (2.7) 
x/~ ~-r - ikqb ---~0; v/-~0=O(1), r---~cxD. (2.8) 
The expression for the function V(x) has the following form: 
1 0 
- - -  d )e  ]xEfi" (2 .9)  V(x) coshkd On[C°shk(z - -i~x 
In writing of these equations we have assumed that A was Laplace's operator, f2 is the fluid domain, 
s = tr2/9 is the wave parameter, f2 is the boundary of the sphere, n is the normal coordinate to the 
boundary of the sphere. 
3. The  method o f  so lut ion 
3.1. Curvilinear coordinates 
We introduce the generalized toroidal (bespherical) coordinates x = {~, fl, 01~ E 09~, fl E ~o~, 101 > 7z} 
in which the coordinate surfaces are a sequence of spheres ~ = const and a sequence of toruses 
fl = const [12]. The coordinate surface ~ -- ~0 corresponding to the boundary of the sphere, the coor- 
dinate surface ~ -- 0 is the plane of the bottom, the coordinate line fl = 0 is the axis of symmetry of 
the geometrical structure "fluid layer-sphere" and coordinates (~,  t im)= 0 corresponding to infinity 
r ~ c~. The toroidal coordinates are characterized by Lame coefficients H~, H~, 14o. Now, we connect 
the cylindrical coordinates and the toroidal coordinates by the relations: 
r--cR(ct, fl), z=d-cZ(7 , f l ) ,  0=0,  (3.1) 
where c is the scale of length of the toroidal system. 
Let us introduce dimensionless variables and parameters of the problem (x, y, r,z, d, d+, s, k) with 
the scale of length c. 
We seek the solution of the DP as a Fourier-series 
O<3 
q) = Z ~m fm COS mO, (3.2) 
m=O 
where 
fm {1, m----0, 
2 ( - i )  m, m~>l. 
Now, we present he system of Equations (2.3)-(2.9) for the Fourier component @m as two con- 
nected systems, which are written with respect o the cylindrical and toroidal coordinate systems, 
respectively. 
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The first of them takes the following form: 
1 c~ (r~3dP~'~ c32crP ~ m2 rn=0, 
r 0r \ 0r J + ~Z ~ r 2 
0<b m 
- -  2 f - s~m=o,  z=O,  
Oz 
O~ m 
-0 ,  z=d, 
~z 
(r,z ) E fL,~, (3.3) 
(3.4) 
(3.5) 
(~m < OO, r ---~ 0 ,  (3.6) 
(~m ~ 0, r --+ cx), (3.7) 
where f2r,= = {r, z [0  < r < cx~, 0 <z < d}. This system describes the wave motion in a fluid layer with 
free surface under gravity. The second system can be written as follows: 
0 (g#go~3q~m~ ~(g~HoOqb m) g~g#m2qbm=o ' (~x, fl) E Q~ b,, (3.8) 
0~ \ m~ 0~ J + \ H a aft Ho 
~-  Vm(k, fl), ~=~0, (3.9) 
8~ m 
--0, ~=0,  (3.10) 0~ 
q0m < oc, fl ---~ 0, (3.11) 
~m--*O, (o~,fi)-+(c%o, floo), (3.12) 
where 
This system describes a motion of weightless fluid in the half space z < d with a fixed sphere near 
a horizontal impermeable wall. Here, the function 
\ ~ /~=~0 
is defined by 
V=(k,/~) _ k coshkd{Zsinh(kZ)J,,(kR) + ½R'cosh(kZ)[Jm+,(kR) -Jm_,(kR)]}, (3.13) 
where arm are Bessel functions. The quantities R, Z; R', ;7' are functions R, Z and their normal deriva- 
tives on the body's boundary 
l: / {= } 2 = 2' = ' ~?Z " 
Here and henceforth we use the sign "bar" over symbols to denote the boundary of the sphere. By 
derivation of formula (3.13) expansion (A.1) was used. The fluid region f2 (the fluid layer without 
the sphere) can be represented as follows: f2 = f2r, z N f2~,~. 
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3.2. Spectral systems 
Now, we wish to determine the spectral systems (spectrum and set of eigenfunctions) correspond- 
ing to both sytems of Eqs. (3.3)-(3.7) and (3.8)-(3.12). The first spectral system follows direct 
from Eq. (3.3) by conditions (3.5)-(3.7): 
q~m(r,z) = cosh 2(z - d) ° 
co~ -2d Jm ( z r ), (3.14) 
where 2 >~0 is the first spectral parameter of the DP. To obtain the second spectral system let us 
introduce a definite function u(~,/~) with certain asymptotic behaviour. 
1 
lim u(~,/?) -- lim 
~ '  (3.15) 
(~,/~) ~ (~oo,/~oo) (r, lzl) -~ oo. 
From [12] Lame coefficients for the generalized toroidal coordinates can be expressed through the 
known functions u, if: 
H~=HI~= 1/u 2, Ho=tp(fl)/u 2. (3.16) 
Substitution of (3.16) into (3.8) yields a partial differential equation 
+ ) m Om=o 
We seek the second spectral system of the DP as follows: 
• 7(~, fl) = u(~, fl)A(voOBT(fl), (3.18) 
where v is the second spectral parameter of the problem. We substitute (3.18) into (3.17), separate 
the variables and obtain two ordinary differential equations for the functions A(w),B~(t~): 
d2A 
d~ 2 vZA--O, 0<~<~0,  (3.19) 
~O--~)  - +qO B~m + v,OB v =0, /~Ea~. (3.20) 
The quantities q and v, are defined as follows: 
1 A,,#U-u(V,,#u) 2+-~ • A~,I~=~+Ot~2" v,=v+vo. (3.21) q=-u  ' - - '  
Here and in what follows a dash over a function indicates a symbol of derivative. Separating variables 
in the function u(~,/~), we present it in the form 
u = V/V(~) 4- w(/~), (3.22) 
where v,w are known functions, so that v'(~)= 0, ~ =0.  From the system of the partial solutions 
of (3.19) we choose the solution which satisfies the condition A ' (v ,~)=0,  0~=0. This condition 
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with (3.22) ensure that the condition of impermeability of the bottom (3.10). Eq. (3.20) forms, with 
conditions on the boundaries of the interval o9#, Sturm-Liouville's problem [17]. 
From the system of partial solutions of Eq. (3.20) we take the solution, which is bounded on the 
axis of symmetry in accordance with condition (3.11 ). We note that the presence of multiplicator u
in the representation (3.18) provides condition (3.12). 
Finally, we can present he second spectral systems of the DP as follows: 
¢m(~, ~) = U(~, fi)A( . ~) B~(fl) (3.23) 
A ~ 
where 
], = 
\ d(v,~) ]~_~o 
Based on [20], we can maintain that the partial solutions of Eq. (3.20) B~(fl)EL2(cO/~) form a 
complete orthogonal set of the functions in the range ~o~ with the orthogonality relationship (or 
~5-function expansion) 
{6(v - ~) 
f..B~.(fl)B'~(fl)~(fl)dfl=Nra(q) 6v., j .  (3.24) 
where 6(v - q) is singular Dirac's function, 6v., is Kronecker's ymbol. Here, the upper line of the 
right side for continuous pectrum and the lower line for discrete spectrum are valid. The quantity 
N"(r]) can be defined by reading formula (3.24) from right to left. 
3.3. The integro-operator equation 
We present he solution of the DP as a bispectral integral structure with respect o the spectral 
parameters 2, v. The spectrum v can take real values with a different distribution on the spectral 
axis, continuous or discrete. The structure of the spectrum depends upon Sturm-Liouville's problem 
(3.20). Now we assume with no loss of generality, that the spectrum is continuous. Thus we seek 
the solution of the DP in the following form: 
f0 [ / /  ] q~m(r,z)= i-ira(v ) ~m(~,//)+ Lra(A,v)C(2)e-~aq~m(r,z)2d2 dv. (3.25) 
Here, the function Lm(2, v) is the first spectral function, which depends on both spectral parameters, 
and is based on the spectral systems (3.14) and (3.23). The function Hra(v) is the second spectral 
function with the asymptotic behaviour/7" ---* 0, v ~ cx~. The function C(2) is defined by the formula 
2+s  
C(2) = 2tanh 2d - s (3.26) 
This function is bounded on the boundaries of the interval 2 E (0, cx~) and it has one singular 
point 2 = k. Here symbol fo*  stands for an integral in the complex plane 2, whose path of integration 
must run beneath the pole of the integrand. This definition of the integral allows us to satisfy the 
radiation condition at infinity (2.8). 
8 A.A. Dorfmann, A.A. Savvin/Journal of Computational nd Applied Mathematics 91 (1998) 1-30 
The spectral function Lm(2, v) must be determined from the condition in the free surface (3.4). 
Substitution of (3.25) into (3.4) yields the equality 
~?z z=0 + s4~v~(~' ~)= Lm(2, v)(2 + s)e-~'dJm(2r)2 d2. (3.27) 
Here and henceforth we use the signs "tilde" over symbols to denote free surface of the water 
(-~, fl)= (c~(z = 0), fl(z = 0)). Let us assume that the following equality is valid: 
4~, (~, fl) = Lm(2, v)e-~aJ~(2r)2 d2. (3.28) 
We carry out the differentiation of this equality with respect o the parameter d and take into account 
the formula 
m ~ = Oq~ (C~,/~) (3.29) 
\ c3z / z=0 •d 
With them we prove that representation (3.28) satisfies identically equality (3.27) and consequently 
the free surface condition (3.4). To obtain the expression for the first spectral function Lm(;t, v) we 
use Hankel integral transform in the form (A.2) to inverse the equality (3.28). Thus we have a 
representation for the first spectral function as a Hankel transform from the potential 4~m(c~, fl) on 
the free surface 
~m ^ ^ zm()~, y) = e2d(fI)v (r),Jm()~r)), (3.30) 
where the following definition was introduced: 
/2 (f,(?), f2(?)) = f,(?)f20:)? d?. 
Then the integral representation (3.25) takes the following form: 
/7 E /2 ] ~/n ^ ^ m 4~"(r,z)= IIm(v) @~,(c~,fl)+ C(2)(qbv(r),J~()or)}@~(r,z)2d2 dv. (3.31) 
In order to determine asymptotic behaviour of the potential by r -+ oo we apply Cauchy's theorem 
to the integral (3.31). Then we obtain an asymptotic two-term representation for the potential 
1 foo .~m, -A(v*cO . . . . .  
45~(r,z)= -r Jo ~t tv ) - - -~t  L, (#)dv 
+ ~"k"  cosh k(z - t..I. ) - co -~ d)H(1)(kr) fo IIm(v)(~m(kp)'Jm(kr)) dv,
where 
C(k) = rdk 2 exp(kd) 
sinh kd (1 + 2kd )'  sinh 2kd 
Hm (I) stands for Hankel function of the first kind. The first term of this representation describes the 
near nonwave field near the sphere, the second term describes the far wave field. 
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Thus the integral bispectral structure (3.31 ) is constructed, which is based on two spectral systems 
(3.14) and (3.23). This structure satisfies Eqs. (3.3) and (3.8) and the homogeneous conditions (3.4)- 
(3.7), (3.10)-(3.12) of the DP. It fulfils also the radiation condition (2.8). Based on representation 
(3.31) we can satisfy the inhomogeneous condition on the sphere (3.9). 
We substitute (3.31) into (3.9), taking into account formulas (3.22) and (3.13). As a result we 
obtain a integral equality 
/0 /0 w(fl) IIm(v)B~m(fl)v, dv + IIm(v)D(v)Bm(fl) dv 
/o 1o +~(fl) IIm(v)dv (~(~),J~(2?))C(2)Vm(2,fl)2d2= -~(fl)Vm(k, fl), (3.32) 
where 
D( v ) = -ev , + ½-¢-MA'. 
Let us introduce a linear operator S so that 
/0 w(fl) II~(v)B~(fl)v. dv = S {//re(v)} B~(fl)dv. (3.33) 
Now, we transform the first term of (3.32) by formula (3.33), multiply the integral equality by 
O(fl)B~(fi) and integrate the result with respect o fl over the range ~o~. Using 5-function expansion 
(3.14) we obtain an equation for the second spectral function 
S{//m(q)} + D(q)IIm(tl) + K"(v, tl)II"(v)dv=Em(rl). (3.34) 
This equation can be defined as an integro-operator equation of the second kind. The first and the 
second terms on the lett-hand side describe the induced nonwave fluid motion near the body and 
the third term describes the induced fluid motion near the free surface. The right-hand side of this 
equation presents the transformated incoming wave. The kernel of the integral part of the equation 
and the function of the right-hand side are 
K~(v ,~)= -~ ~.  (q v (r), Jm(,~?))C(2)Am(2, q)2d2, (3.35) 
Em(~/) = -Am(k, rl). (3.36) 
For the function Am(2,q) we have 
1 
f~ ~(fl)vm( 2, fl)B~(fl)~b(fl) dfl. (3.37) Am()°'q)--N,n(rl---- ) ,~ 
Now we transform this representation. Taking into account formula (3.13) for the function v m(2, fl) 
and relations for the quantities R,Z which follow from [ 12] 
1 
u(~)  ' 
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where p is a definite known function, we obtain 
- - t  ^m I Am(;~' ~) - Nm(,------) ( -~ ~;" (~' n's' 1. ~) + ~v'Bm(~. ~. s. l. 3) 
t ^m 3 ^m + ~ [Bm+,(2, r/, c, 2 ' ~) _ Bin_l(2, r/, c, 2, 3)]}. (3.39) 
Here we have introduced spectral functionals/}m ~, which connect both spectral systems on the body's 
surface [5] 
^ ~ ( cosh Bm()~'q'(~)'r 'Z)=f~l, \ s ink  (2Z)) Jm(}~R)  n" : ' / r J " l~ / r ( /~)  c~sh~t~ht#)~5~- d/~. (3.40) 
Now, we give the second representation for the kernel of the integro-operator equation. We introduce 
a new function Gm(r,z; t:; k): 
Gm(r,z,¢,k) = C()Oq~m(r,z)J~(2~)2d2 (3.41) 
and we rewrite the expression for the potential (3.31) in the term of this function: 
~m ^ m . 4~m(r,z)= I-Im(V)[45,~,(C~,3)+ (~v(r),a (r,z,P;k))]dv. (3.42) 
We substitute (3.42) into (3.9), taking into account formulas (3.22) and (3.33). Then we obtain Eq. 
(3.34) with the kernel in the form 
1 f~ ~(fl)(~m(?), om(fl, p))B~(fl)O(fl)dfl, (3.43) Km(v'q)-- Nm(q~) ,, 
where 
(~Gm~ 
We note that the function G m has f-like behaviour on the free surface ~m~ 6( r -  ~). 
In order to prove this estimate we rewrite C()0 in the representation (3.41) in the form 
2s + 2 exp(-2d)sech 2d 
c( ;o  = l + 
2 tanh 2d - s 
and use expansion (A.2). Thus the function G m may be interpreted as the ring-source potential 
Hulme [9], the horizontal circle axis of which lies in the free surface. 
Let us reduce the integral representation (3.41) to a series with respect o the spectral system with 
discrete parameter [9]. From this representation follows an asymptotic expression of this function, 
which corresponds to the scattered waves r ~ 
C~k" cosh k(z - -'~)tkr> ), (3.44) GL= [ ) c--~sh~d)jm(kr<)Hm , 
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where 
(;~)=(min\max (r ,P)) .  
Taking into account Plemelji's formula we can write a two-terms representation for the function G m 
G m = G m + C(k)qY~(r,Z)Jm(k;), 
where 
G,~ = v.p. C (2)~(r ,  z)J~(2~)2 d2. 
3.4. Transformations of the equation. Asymptotic representations 
3.4.1. Long-wave approximation 
For the case k < 1 we can reduce the function Em(~l) of Eq. (3.34). We write a series representation 
for the spectral functionals (3.40): 
x /~( r / , z+2 j+m+2~¢, (  z+2j+m+2K ) )  
z+2 j+m+2K+I  ' 
where 
Lj,~m ~ ~ k2j+m+2~ 
(-1)~(2j)!2m+2~c!(m + ~)! 
j,K=0 
is an operator of a sum, B~(q,r,z)=B~(O,q,c,r,Z). 
3.4.2. Deep-water approximation 
In order to study this case we put kd ~ 1 into (3.26). Then we obtain the well-known relation 
C(2)=(2+k~ (3.45) 
\2 -k J '  
which allows us to obtain the closed-form representation for the function G~. We use an identity 
2k 2 
C(2)2 = 2 + 2k + - -  
2 -k  
and present he function G~ (3.41) as a quasi-power expansion with respect o the wave number 
G, m = G~ + 2kG'~ + 2k2GT, (3.46) 
where the first term corresponds to the nonwave motion near the free surface. The first two compo- 
nents of expression (3.46) can be expressed through the associated Legendre function of the first 
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kind P~1/2 [1] 
z 
G2(r'z; ??)- (--½)m b3/2 1/2 ' 
l Lem(~) 
Gr( r ' z ; i ) -  (½)m v/b -,/2 , (3.47a,b) 
where 
= r 2 -F Z 2 ~- ??2 b = V/~ 2 - 4(rP) 2. 
By the derivation of (3.47) we have used an integral expression for the multiplication of Bessel 
functions (A.3), Laplace transform with respect o the parameter 2 and finite cosine Fourier transform 
for the parameter 7 [14]. The third component of (3.46) is 
G~(r,z;??;k)= Re ~u(1, 1 , -k~)  cos my d7 dx, (3.48) 
where 
~b = z + i( sin K, # = ~/r 2 q_ ??2 _ 2r? cos ? 
~v stands for the hypergeometric function of the second kind (A.6). By this calculation we have 
used the integral representations (A.3), (A.4), (A.6). 
The integral representation (3.48) is suitable for asymptotic estimates of the kernel G~" in the 
regions k~ 1 (long wave approximation), k>~ 1 (short wave approximation), because the hyperge- 
ometric function can be presented as power-logarithmic series and power series in these regions, 
respectively [ 1 ]. 
Taking into account relation (A.8) we note that the function O~' can be also expressed through 
the hypergeometric function 71(1, 1,-kqS). 
Thus the DP is reduced for this case to Eq. (3.34) with the kernel in the form (3.43), where the 
representations for the function G m (3.46)-(3.48) are valid. 
The right-hand-side function is determined by relation (3.36), where 
2 e~,~-~d+) {_~@~(2, t/, 1, ½) +  Arm' '  ,^m 3 Am(}~, r]) = -fi-~Bm()~,r],l,~ ) 
trl ) 
1 --! ^m 3 ^m Bin_l() . 2, ~)]}. + 5v [B~+,(2, t/, 2, 5) - t/, (3.49) 
The spectral functionals take the form 
L Bin(2, tl, z, Z) = exp(-2Z)Jm(2R)B~(fl) dfl. 
3.4.3. Shallow water approximation 
For the case kd ~ 1 we can reduce representations (3.41) taking into account he relation 
,~ q- k2d 
C( ;O - d()3 - k2) "  
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We use an expansion 
1 k [ 1 1 1 (3.50) 
2C(2)=~+~ (2 -k )  (25k)  
to obtain the expression for the function G m 
G•(r '? 'k)=d \ 2r? J x/~rP Qm-1/2 + Ho(kd) cos m 7 d7, (3.51) 
where Qm-l/2, Ho are Legendre function of the second kind and Struve function, respectively [11]. 
In order to derive this expression we have applied the integral representation for multiplication of 
Bessel functions (A.3) and Hilbert and Stiltjes transforms from Bessel functions [2]. 
We note, that representation (3.51) can be interpreted as power expansion with respect to the 
parameter kd, 
For the long wave approximation (k,~ 1) the integral term of this representation can be presented 
as a power series with respect o the wave number [1]. 
The expression for the function A m take the following form: 
Am('~'tl)- 2N~r/)[B2+l( 2,~/, 2, 3) --/~m~-'( 2't/' 2' 3)]. (3.52) 
The spectral functionals are 
(3.53) 
3.4. 4. Far-fieM approximation 
Now, we study the diffraction field at infinity r--* ec (the field of the scattered waves). From the 
representation (3.42) and (3.44) we obtain 
j0 -m = d(k)H(,)(kr) f I~(v)(~v (r),•(kr)) dr. (3.54) 
Taking into account expressions (3.43) we can write asymptotic representation for the kernel 
1 J~_  --m^ m 
- -  , u(fl)(q) v (r),O~(fl, Xm(v' q) = N/~ ~))B~([t)~(fl) dfl. (3.55) 
Substitution of this expressions into Eq. (3.34) yields an operator equation 
S{Hm(q)} + D(q) Hm(t/) = Em(k, ~) -~- O(k  3 ). (3.56) 
From (3.56) follows that for the case S = 0 the closed-form expression for the spectral function H m 
can be obtained. Now, we can study the concrete xamples of the DP for the sphere by its different 
positions, relative to the bottom. 
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4. The sphere lies on the bottom, d_ = a 
4.1. Coordinates and spectral system 
We introduce a set of coordinates [18] 
fl 0{ ( -ec  <0{ < e~, 0<f l<oo) .  (4.1) R - -  0{ 2 -~- f12' Z - -  52 -~- 1~-------~, 
Here, the scale of this set is equal to the diameter of the sphere c = 2a. The fluid domain ~2~,t~ and 
the boundary of the sphere f2~,~ take the following form: 
f2~,~// 0{= 1, 
(4.2) 
The functions ~k and u are ~ = fl, u = x /~ + f12 It can be shown, that the function u satisfies the 
desirable asymptotic behaviour (3.15). 
We follow Section 3.2 to obtain the expression for the second spectral system. We calculate the 
quantity q=0 and put v. =v, where v>~0. Eq. (3.20) forms with the conditions Bm<c~, fl---~0; 
B m + 0, fl + cc Sturm-Liouville problem in the interval (0, co). 
This equation is reduced to the Bessel equation. From the pair of linearly independent solutions 
of this equation we choose Bessel function of the first kind, because it is bounded by fl + 0. Thus 
from (3.23) we have 
~2/-~-7~, a2 cosh v0{ 
q~ = ½/0{~ +/t~ sinhv Jm(Vfl). (4.3) 
For this case the orthogonality relationship is transformed to a-function expansion for Hankel trans- 
form (A.2). Using relations 
d r m m 
-- r2 q-d 2 f l -  r2q_d 2 
we obtain 
cos ( ) (vr) 
x/r2 +d2sinhvJm r2Td  2 . (4.4) 
The Hankel transform (3.30) for this case can be expressed through the spectral functionals 
(~)~n(p),jm(~)) = d jm (Y 1) 
sinhv m ~, 2d, c, 1, . (4.5) 
The definition for the spectral functionals and their representation through the hypergeometric and 
Bessel functions are given in Appendix A. 
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4.2. Integro-differential equation 
In order to obtain an equation for the second spectral function we follow Section 3.3 and seek q~" 
in the form (3.42), taking into account formula (4.3). As a result we construct an integral equality 
/0 /0 f12 I-lm(V)Jm(Yfl)Y dv + IIm(v)(v + coth V)Jm(Vfl)V dv 
+ ~ ~o°el-lm(v)(~(r), om(fl, r,k))dv= -~f l  + fl2Vm(k, fl). (4.6) 
Now, we transform the first term of this equality by S-operator reduction (3.33). As it follows from 
integral identity for Bessel functions (A.5) for this case the operator S can be presented in analytical 
form 
(d )  m~ 
d Vdvv v S = -~vv + - - (4.7) 
Finally, we obtain from (3.34) an integro-differential equation for the second spectral function 
d { dHm'~ f oo 
r l~  ~tl--~-q .) - (m 2 + qcotht/+ t12)I I  m - tl ~ Km(v, t l )H" (v )dv=E"(q) .  (4.8) 
In this equation the kernel can be determined by the formula (3.43) and the right-hand-side function 
takes the following form: 
Em(q)=rlA"(k,~l). (4.9) 
The expression for the function A m follows from (3.39). Now, we study the far-field approximation 
based on Eq. (3.56). We construct the asymptotic solution of Eq. (4.8) by r/---+ co. As a result we 
obtain from (4.8) an ordinary differential equation 
d { dlI~'~ rl 2 r/~--~q ~q---~-) - (m 2 +q+ ) I IL=qAm(q).  (4.10) 
This equation possesses two linearly independent solutions [11] 
I I~ = {rl-1/2M_l/2,m(2q); rl-l/2w_l/2,m(2rl)}, (4.11) 
where M-~/z,m, W-~/2,,, are Whittaker functions of the first and second kind, respectively [1]. Taking 
into account he expression for the Wronscian for the confluent hypergeometric functions [1], we 
calculate the Wronscian for the pair of functions (4.11 ): 
W=-2 (2m)! -1 (4.12) 
m! t/ 
On this basis we can write the solution of Eq. (4.10): 
r lL-  1 m! 1 M1/2,m(2r/) Am(rl)Wl/2,m(2rl)r1-1/2 drl 
2 (2m)! v~ 
_ W-m,,,(2rl)foo Am(rl)M-1/Z,,n(2q)q -'/2 dr/}. (4.13) 
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5. The sphere does not touch the bottom, d_>a 
5.1. Coordinates and spectral system 
To solve this problem we introduce the bispherical 
C = , /d  2 - 
i 
a 2 
v -  
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coordinates with the scale of  length 
R= sinfi Z= sinh~ (0 <~ <oc, 0~<fl~<~). (5.1) 
cosh ~ - cos fl' cosh ~ - cosh/~ 
The equations of the fluid region f2~,/~ and the sphere's surface f2~,/~ are 
The quantity ~0 can be expressed through the geometrical parameters of the problem: 
cosh e0 = d_/a, sinh ~0 = c/a. 
(5.2) 
2d 2r 
= arctan h r2 d 2 ; fl = arctanr2 + d 2 , + +1 -1  
which follow from (5.1), we obtain 
~; (r) = sinh(v + 5)~0 rl rl 
where rl = v / ( r  2 ÷ d2) 2 ÷ 2(r 2 - d 2) + 1, Tv+l/2 stands for Chebyshew's function (B.8). 
(5.4) 
(5.5) 
where p m is associated Legendre polynomial of  the first kind. It is clear that functions (5.3) are 
bounded in the region. The orthogonality relationship (3.24) for this case is reduced to well-known 
"Kronecker symbol expansion" for Legendre polynomials (B. 1 ). 
Using relations 
o cosh(v + ½)~ . . . . .  
q~m = ¢cosh  ~ -- cos p- - - -  . - - r~ tcos p), 
sinh(v + ~)e0 ' 
(5.3) 
The functions ~b, u are ~ = sin fl, u = v/cosh ~ - cos ft. It can be proved that for this case the desirable 
asymptotic equality (3.15) is valid. 
To construct the spectral system (3.23) we follow Section 3.2. Eq. (3.20) forms for this case 
Sturm-Liouville problem in the interval [0, re] with the boundary conditions By <co;  fl ~ 0, rc 
and put v = 0, 1 ,2 , . .  where v is a discrete spectral pa- Then we determine the quantity q =~  , 
1 Then we obtain from (3.20) the Legendre equation. From the pair of  linearly rameter, v. = v + g. 
independent solutions of  this equation we choose the associated Legendre polynomials of the first 
kind, which is bounded by the axis of symmetry. Thus from (3.23) we have 
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5.2. Series-difference quation 
We seek the potential in the form 
OQ 
q)'n(r,z) = ~ Hm [q~m(0t, fl) + <(by(t:), G'n(r,z; P, k))]. (5.6) 
v=0 
From the integral equality (3.32) we have 
O~3 OO 
1 m m m m cos fl ~ (v + $ )H,, P,, (cos fl) + ~/ /v  DvP,, (cos fl) 
v=0 V=0 
OO 
- V/cosh ~0 - cos fl E H, m (~m( ?), om(fl, t:, k)) = V/cosh a0 - cos fl vm( k, fl), (5.7) 
v=0 
where 
Dv = - ½ [(2v + 1 ) cosh ~0 + sinh ~0 coth(v + ½ ~0)]. 
We reduce the first term of this equality by the recursion formula for Legendre function (B.2). 
It can be noted that this transformation is equal to the S-operator eduction (3.33) for this case. 
As a result we obtain from (3.34) a series-difference equation for the second spectral function 
= ro =o) :  
OG 
m m m m (q + m + 1)H,+, + 2D, I I  , + (rl - m)I I~_,  - 2 ~--~ Kv, I I  v = Em(q). (5.8) 
v=0 
Here, expressions for the kernel K,.~ can be found by (3.43) and for the function E m takes the 
following form: 
E,7 = 2Am(k, q). (5.9) 
The representations for the functionals P~ are given in the Appendix B. In order to construct he 
far-field asymptotic (3.56) we carry out the differential approximation i the difference quation (5.8) 
and obtain in the region t/>> m > 1 an equation 
2m [ si  01 d H~,~ 2(coshc~o- 1 )+ H~,~ =-  Am(q). (5.10) 
dq 2 q J 
This equation has a pair of linearly independent solutions, which can be expressed through Whittaker 
functions 
I-1~,oc = {M_K,I/2(Dtl); W-K,1/2(I)tl)} 
with Wronscian 
v 
W-- 
F(1 + ~c)' 
where 
v = x/(cosh ~o - 1 )/2, n = sinh ~o/V. 
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The expression for the spectral function can be written 
m =2r(  1 + 
H~,~ v r/ 
-M-~.,/2(oq)f°~Am(q)W-~.,/2(vq)~}. (5.11) 
6. The sphere intersects the plane of the bottom, d<a 
6.1. Coordinates and spectral system 
F- - -  
TO solve this problem we introduce the toroidal coordinates with the scale of length c = ~/a 2 - d 2 
sinh fl sin 
= Z= ( -n<~<n,  0 <fl<cxz). (6.1) 
R coshf l -  cos~' coshf l -  cos 
The expressions for the fluid domain f2~,~ and for the boundary of the sphere f2~,~ can be written 
(__O~,~) ( 0<~<a0,  0<f l<oo)  . (6.2) Q~,/~ ---- 0~,fl 0~-0~0, 
The quantity a0 (0<~0 <x)  is connected with the geometrical parameters of the DP 
tan ~0 = c/d_, sin s0 = c/a. 
The equation of the circumference of intersection of the sphere and the bottom is, fl ~ ~.  
The functions •, u can be written: $ = sinh r, u = V/cosh fl - cos ~. It can be proved, that the 
function u satisfies the asymptotic equality (3.15). 
Now, we follow Eqs. (3.19)-(3.23) to determine the second spectral system. Eq. (3.20) forms 
with the conditions By <oo, fl---~ 0; By--~ 0, fl--~ oo an eigenvalue problem in the interval (0,oo). 
We calculate the quantity q =-1 /4  and put into Eqs. (3.19) and (3.20) the parameter v0 is equal 
to zero: v, = v, where v > 0. Then we obtain from Eq. (3.20) the equation for the associated spherical 
functions with the complex lower index [1]. From two linearly independent solutions of this equation 
we choose the spherical functions of the first kind, because this function is bounded in the interval 
fl E (0, cx)). The regular behaviour of this function near zero and at infinity is known [18]. Finally 
we have from Eq. (3.23) 
cosh 
*" 4cosh fl m = -- COS ~ sinh vo~-~ P-~l/2÷iv(c°sh fl)' (6.3) 
where P_ml/2+iv is the associated spherical function of the first kind with the complex lower index. The 
orthogonality relationship (3.24) is reduced for this case to the 6-function expansion for Mehler-Fock 
integral transform, which is given in the Appendix C. Using the formulas 
2r 
2d . fl = arctan h r2 , (6.4) ---- a rc tanr2+d2_  1' +d 2+ 1 
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which follow from relations (6.1), we obtain 
~m ( r ) -  - -V~ ( r2+d2+l~T iv ( r2+d2-1~l  (6.5)  
sinh W o  P-ml/2+" \ J \ / r 2  r2 x/hS' 
where 
r2 = v / ( r  2 Jr- d2) 2 q- 2 (d  2 - r 2) q- 1, Tiv is Chebyshew's function (B.7). 
6.2. Integro-functional equation 
Now, we will write the operator equation. To construct the equation for the second spectral function 
we seek the representation for the velocity potential as an integral with respect o the parameter v 
(3.42). Then we follow Section 3.3 to obtain the integral equality 
/0 /5 cosh fl IIm(v)e_ml/2+iv(COSh fl)vdv + I71m(v)D(v)em_l/2+iv(cosh fl) dv 
+~/coshfl-cos~o fo~IIm(v)(~vm(~),om(fl,?,k))dv=-~/coshfl-cossoVm(k, fl), (6.6) 
where 
D = ½(sin s0 coth vs0 - 2v cos So). 
Now, we reduce the first term of Eq. (6.6) by formula 
m 1 m 2iv cosh flP_"l/z+iv(cosh fl) ---- (iv - m + 5)Pl/2+iv( c°sh fl) + (iv + m - i ,, )P_3/2+iv(cosh fl), (6.7) 
which follows from the recursion relation for spherical functions (B.2). It can be noted that this 
reduction is equal to the S-operator transformation (3.33). As a result we obtain from (3.34) an 
integro-functional equation 
( iq+m+l)  I-lm(q-i)+ 2iD(q)I-lm(q)+(iq-m- l)Hm(q+i) 
+2i  Km(v,q)IIm(v)dv=Em(q). (6.8) 
The kernel Km(v,q) is given by (3.43) and the function Em(q) takes the following form: 
Era(q) = -2iAm(k,q). (6.9) 
The function A m can be determined by the formula (3.39). The representation for the spectral 
functionals in the Appendix C is given. For the far-field approximation we study Eq. (6.8) in the 
region q ~ e~. We carry out the differential approximation i the functional-difference equation (6.8). 
As a result we obtain a differential equation 
d / /~ 2( 1 - cos c~0) + sin s0 
dq 2 q j r /  = Am(y), (6.10) 
which corresponds with (5.10). 
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7. Small sphere approximation, d $ a
7.1. Coordinates and spectral system
Let the sphere to be placed near free surface d_$- 1, d,E’ 1. We take Eqs. (3.3)-(3.12) to
describe wave motion in this case and we omit the bottom boundary condition (3.10) in the second
system of equations. Thus this system describes fluid motion in the region exterior to the sphere.
It is suitable for this geometric situation to introduce spherical coordinate system (a, fi) so that
(0 d a < co; 0 < p d r-c) and to write new relation between cylindrical and spherical coordinates instead
of (3.1)
Y = cR( CI, /3); z = d, + cZ(cx, j3). (7.1)
Here, the scale of length is equal to the radius of the sphere c =a, R = c( sin /I, Z = aces/?. For
spherical coordinates Lame coefficients are H, = 1, HI, = IX, Ho = 01 sin p. Then the fluid domain and
the boundary of the sphere can be presented as follows:
(7.2)
The first spectral system for this case is determined by (3.14). In order to construct the second
spectral system we write the boundary condition at infinity (3.12) in the spherical coordinate system
@” -+ 0, CC + oc. Then the second spectral system follows from (3.8)
@,” = -
&“+I)
----p,M(cos PI,(v+ 1)
where v=O,1,2,...is discrete spectral parameter.
nomials is given by (B.l). The expression for the
takes the following form:
(7.3)
The orthogonality relationship for Legendre poly-
function V”(k, p) in the boundary condition (3.9)
{ i cosh[k(d - cos b)] sin j&J,,_, (k sin fi) - J,+i (k sin j?)]
- sinh[k(d_ - cos p)] cos jIJm(k sin j3)) .
7.2. Series equation
(7.4)
Based on (3.3 1) we write the function P
V(r,z) = 2 n,m [ @;(a, p) + /** C(A)(@‘(?),Jm(A?)) cos;o;zj; d)J,(/2r)1~ dl] . (7.5)
I’=0 0 *
The quantities ;ii, p follow form (7.1):
;j;= Jw, cos~=-J_&.
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The closed-form representation can be written for Hankel transform (.../ for this case [2] 
(~m(p),j,,(2r~)) = ( -  1 )v+l )v-I exp(-2d+) (7.6) 
(v + 1)(v - m)! 
This result can be checked independently without of the framework of the DIT in the representation 
(7.5) for the cases 
s=( fxD) ,  where C(2)=±1. 
We put C(2)--+1 and (7.6) into the relation (7.5) and we obtain the correct representation for the 
potential of the system 'sphere- (insulated/conducted) wall'. 
From the general integro-operator equation (3.34) we can write by S=0,  D--1 a system of 
algebraic equations 
(3O 
17/ m t?/ /F/ 17, + ~-~ K~',,17 v =E,  . (7.7) 
v=0 
Taking into account he kernel of Eq. (3.34) in the form (3.35), we obtain the representations for
the kernel of system (7.7): 
m __  (--1) v+l .~*  
Kv, - (v + 1)(v - m)! ~v C(2)exp( -2d+)AT(2)2  ~ d2, (7.8) 
where 
m }~ - 1 ~m ~ ~m ~rn  
A,(/~) = -~{ 2[Pm_,(z,q,c,2,O) - Pm+,(2, q,c, 2, O)] -Pm (2, q,s, 1, 1)}. (7.9) 
The function of the right-hand side is determined by (3.36). The representations for the spectral 
functionals/5~ in Appendix D by formula (D.I) are given. 
7.3. Deep-water approximation, kd>> 1 
For this asymptotic the expression for the function V,, in the boundary condition on the sphere 
takes the following form: 
V"(k, i~) = k exp[-k(d+  cos/~)] { ½ sin [3[Jm_,(k sin fl) - Jm+,(k sin fl)] - cos [3Jm(k sin/~)}. 
The DP is reduced to system (7.7) with kernel (7.8), where the function A~(2) is determined by 
- lp  . . . . .  A~"(2) = ~{5[  m_,(2, q, 2,0) - Pro+,(2, r/,2, 0)] -- Pm (2, q, 1, 1)}. 
The expression for the spectral functionals Pm by the formula (D.2) is given. Now, we wish to 
transform the kernel of this system. We present function (3.45) in the form 
2k 
C(2) = 1 + 2 -----~ (7.10) 
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and split the kemel in the three components as follows: 
K~'~ = (K~'~)l + (K~,~)2 + (K~)3. (7.11) 
We can obtain the following representation for the first term, which corresponds to non-wave motion 
near the free surface 
(K~,), (v+ 1)N~ m [ (v -  m + 1)(v--m+2)p;mm--'(q, 2,0) 
--m+l --m } 
--P~,m (q, 2,0)] +(v- -m+ 1)P~,m(q,l,1 ) . (7.12) 
Expression for the components of the kernel P~7,, in the Appendix D are given. In the order to write 
expression for the second component of the kernel we make to use an integral representation for the 
confluent hypergeometric function of the second kind 7' (A.6) 
m 2k~+2v' fo~f  (Kv . )2  = rt(v--_-~.W~ Re (i sin T sin /3 - cos/3) 
× h°(v + 2, v + 2; -k~v) exp(-imT)p~m(cos/3) sin/3 d7 d/3, (7.13) 
where ~ = 2d+ + cos/3 + i sin/3 sin 7. Based on the series representation for the function ku (A.7) we 
can present (7.13) in the following form: 
m 2kV+2( - 1 )Vv! 
~(v - m)!(v + 1)!N~ (K +/£  lnk). (7.14) 
Expressions for the quantities K,K in the Appendix D are derived. The third component of the 
kernel, which corresponds to the pole of the integrand of (7.8), is 
2k ~+1 rci(- 1 )v+l 
(K~'~)3 = (v + 1)(v - m)! exp(-kd+)A~(k). (7.15) 
After combining of the relations (7.11), (7.12), (7.14) and (7.15) and rearranging, we can present 
the kernel of system (7.7) as a power-logarithmic series with respect o wave number 
OO 
m n mn K~,= ~--'~k (Kv, +/£v"~lnk), (7.16) 
n=0 
where mn ^ mn K~, ,Kv~ are known coefficients. In order to construct the solution of system (7.7) we present 
the function E, m as a power series with respect o k with the components of the expansion E~(n) 
and make use of it to obtain the series representation for the spectral functionals (D.23). We seek 
the spectral function H m in the form 
oo n-1 
H, m = ~ ~ Hm(n, p)k" In p k. (7.17) 
n=0 p=0 
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Then, we substitute this representation into (7.7) and equate coefficients of successive powers n, p. 
In this way the sets of equations for successive determination of H~(n, p) can be derived. For the 
case p = 0 this substitution yields 
m,O m m,n- -o9  m II.Y(n.O)+ ~-~-'K~. Hv(n .O)=E~(n) -~-~-~K~,  Hv(o9.O ). (7.18/ 
v=O m= 1 v=0 
For the case l<p<n-1  we have 
m,O m ^m,n- -m m H.m(n.p)+ ZKvn //v (n.p) = - ~-'~K~, II~(oJ.p- 1) 
v=0 co=0 v=0 
n - I  
-Z~K~m~'°'Hvm(n-og, p). 
oJ=0 v=0 
(7.19) 
7.4. Shallow water approximation, kd ~ 1 
The DP for this case can be reduced to system (7.7) with the kernel (7.8), where the function 
A~n(2) is determined by 
A,  - ^m m = pro+ 1 ' 
where 
b2(2, q) = Jm(2 sin fl)P~"(cos fl) sin 2/3 d/3. 
Expression for the kernel can be presented in the form 
( - -1)  v+m - -m- l ,m --m+,,m, ,, fkd'x 
2d(v+ l)(v-m)N~ ×[(v -m)(v -m+ l)P(. ( r l ) -P  r (q ) l+O ~ )~.  m __  gv r I - -  
Here 
pv~..,,(r/) /~  ~ - ,, sin 2/3 
= P~ (d+/d,)P~ (cos/3)-~---,+~d/3, d,  = v/d 2 + sin 2/3. 
(7 .20)  
The structure of the kernel for this case can be treated as an asymptotic expansion with respect o 
the parameters 1/d, kd. Thus, the effect of the induced wave motion in this asymptotic ombination 
can be ignored. 
7.5. Non-wave approximations 
Now, we discuss non-wave induced motion of fluid near the small sphere, which is placed far from 
the free surface and near the bottom d+ >> 1, d_ --- 1. Here we have to put C = 0 in the representation 
for potential (3.25). Thus the problem is reduced to the operator equation (3.34) without integral 
term. 
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It is clear that combination of this asymptotic and short wave approximation k >> 1 can give only 
trivial solution of the problem. 
For the asymptotic ase d~: >> 1, k ~< 1 we obtain the closed-form representation for the spectral 
function from Eq. (7.7) without the second term. 
8. Conclusion 
In this paper the solution of the DP for a sphere is presented. The dual integral transforms method 
(DIT) is suggested to solve this problem. This method is based on two spectral systems, the first 
of them is defined on the free surface of water, the second holds on the boundary of the sphere. In 
order to connect his spectral system the bispectral functionals are introduced. The method converts 
the DP to a operator-integral equation for a spectral function. In brief the DIT method is based 
on the scheme: two local coordinate systems-two differential operators-two spectral systems-two 
spectral functions-two integral transforms. In this paper the DIT have been applied to invistigation 
of the following asymptotics, small sphere approximation (d/a>> 1), short/long wave asymptotics 
(ka >> 1, ka ,~ 1 ), deep/shallow ater approximations (kd >> 1, kd ~ 1 ). 
The DIT can be implemented for different DP. This method is suitable for asymptotic estimates 
and it can be regarded as a base for the analytical-numerical method. 
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Appendix A 
(1) A Fourier expansion: 
(x) 
exp(- ikR cos O) = ~ fmJm(kR ) cos mO. 
m=0 
(2) The 6-function expansion for Hankel transform. It follows from [4, 15, 17] 
fo ~ Jm(vfl)Jm(rlfl)fl dfl = 16(v - q). 
rl 
(3) Integral representations for Bessel functions [1]: 
/o Jm(2r)Jm(2r) = _1 J0(2d) cos m7 dT, 7Z 
fo -Re  exp[-i(~ sin • - m~c)] dt¢. &(O = 
(4) An integral identity for Bessel functions [5]. 
(A.1) 
(A.2) 
(A.3) 
(A.4) 
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Let IIm(v)CL(O, c~) be an arbitrary function. Then the following integral identity is valid: 
/0 fie Flm(v)Jm(vfl)vdv= -dv  k, dv J + II" J,,(vfl)dv. (A.5) 
To prove this identity we express Bessel functions from the corresponding Bessel differential 
equation and carry out twice the integration by parts. 
By the derivation of the identity the following boundary conditions have been used: 
/ /m < 0<3, V ~ 0; vFl m ~ 0, v ~ ~3. 
(5) The hypergeometric function of the second kind [1]. 
The integral representation for this function can be treated as Hilbert transform 
f ~ 2~ v.p. 2~_ke-a¢d2=v!(-k)~gJ(v+ 1,v+ 1;-k~), (A.6) 
where v > 0 is an integer, ~ is an arbitrary complex value, so that Re (> 0. Series representation for 
it can be written in the form 
~U(v+ 1,v÷ 1;-k~) 
-- v! exp(-k~)[C + ln(-k~)] - ~.v Ip, [,j ÷ 1) - ~ (v - j - 1 )!(k~) j-v . 
j=l j=l 
(A.7) 
Here 
O*(J + 1 ) = 
1 
n n=l 
is the modified psi-function [1], C stands for Euler's constant, [arg(-~)[ <re, ~f20 = 0. From (A.6) 
the expression for the derivative follow: 
d~(1, 1,-k~) 1 
= -k~(1 ,  1,-k~) - - (A.8) 
d~ 3 
(6) Spectral functionals 
Jm ('~', (~) ,  "c,Z)'= fo c~ (~sh  '~'Z) Jm("]'R) . . . .  fl* dfl (A .9 )  
v, c-o~sh-~a~tvP) (1 + fl2)x" 
The functionals J~ can be expressed through the hypergeometric function 
(z - ---T-) z+e+l  z+e+3 J~(v, ~, z )  - v~r , - - -7 ,  r 
2~+'r(z) T(~-+ iS ,F2 2 ' 2 Z,e + 1; 
- -  \ 2e_f+l ] IF2 Z;Z÷ ,Z  , , (A .10)  + 2 2z-' F (Z+~- - - j  2 2 
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where F is Euler's Gamma function, Z > ½(z - ½). For the case z = e + 1 the following formula is 
valid: 
+ 1,z)= r(z) (A.11) 
where K is modified Bessel function, X > ½(e + 1). 
Appendix B 
(1) The orthogonality relationship for the associated Legendre polynomials [1]: 
fo '~ fl) sin fl dfl = (B. 1 Pro(cos / )C(cos g:6v,., ) 
where 
2 (r/+ m)! 
Ng = + 1) - m)!" 
(2) A recursion formula for Legendre function [1]: 
(2v + I)~P~({) = (v - m + 1)P,,~_, ({) + (v + m)p,,ml({). (B.2) 
(3) Spectral functional 
" / cosh  2Z \ Jm(~'R) Re 'cos  "" sin~ fl 
P~(k'v ' ( : )  '~'Z) =f0  ~sinh ( ) )  c-o-~sh2-d vt P)(coshcto_cosfl)~dfl • (B.3) 
The functionals b~(v, r, Z) can be expressed through hypergeometric functions 
b~(v,z,Z)=(cosh~o)-ZS:j(:l:l (v + 1 - e - 2j, ~ +z2 + 1) 
xaF2( l 'Z 'v+l -2 j -e ; l ' v -2 j+z+3-e '2  'cos-hdZl )~0 " (B.4) 
Here we must summarize both line with upper and lower signs, B is Euler's function, S~j is an 
operator of a sum 
s~m j __ ( -  1 )" • (2v - 2j)! 
2 v Z (-1)J j!(v_j)!(v_m_2j)!" 
j=0 
(4) Chebyshew's function. Let us introduce Chebyshew's function as a generalization of the 
corresponding polynomials 
~(~) = exp(iv arccos ~). (B.5) 
Here the function To(~) is complex valued and parameters v, ~ can take the arbitrary complex 
values. 
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Now we assume that 5 < 1. Then we can write the following representation:
t,(t) = T,,(t) + iU,d5>, 03.6)
where
(z,(t)) = (YJar~co~O)
are the functions of the first and the second kind. Taking into account a known relation
arccos 4 = -i ln(t + iJ1_52)
we obtain t,(r) = (5 + id=)“.
For the case u is an integer we determine from the representation (B.6) Chebyshew’s polynomials
in the form [lo].
Let us consider the parameter u to be pure imaginary u = iv. Then we find based on (B.6)
Ev(<) = T,“(r) - U,(4), (B.7)
where
Now we assume that 5 > 1 and u is complex value. For this case we use a formula arch 5 =
i arccos 5. Then we obtain
t,(5) = exp(n arch 5) = T,,(5) + U,(O, (B.8)
where
Taking into account the known formula arch r = ln(5 + v’m), we find representation ?,(r)=
(5 + d_>l’.
Appendix C
(1) The b-function expansion for Mehler-Fock integral transform follows from [4, 15, 181
P~l/*+ia(CoSh  PKl/*+iq(cash /?) sinh p d/3 = N”( q)6( v - q), (Cl)
where
cothxvr(i +iq+m)
N”(q)=(-l)“-
V I(; + iv - m)’
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(2) Spectral functional 
fm~ (I~,Y, (~)T ,X  ) ~0°°  ( cOsh --~ Jm(~R)~m " h sinh~fl dfl. 
' sinh (2Z)) c~sh ~--~rS1/2+ivtcos fl)(cosh fl - cos c¢0) z
The functional /5~ can be presented through the hypergeometric function. For instance, 
( l I I. 1 --COS~o) 2 3F2 1,~-  v,g +v;1 , / ,  /5°(v, 1, 3) _ v/1 _ cos ~o 2 
_2v/2vcotgv3f2 (3 ,1_v , l+v ;  3 3. l-2°s~° ) 2 ~ 2 ~ 
(C.2) 
(c.3) 
Appendix D 
( 1 ) Spectral functionals 
-~ " (cosh [2(d_ - cos fl)]) J~(2 sin fl) 
PZ (z , , ,  (~) , r , z )  = f \s inh c-oosh--~ d 
xPd(cos fi) sin ~ flcos z fldfi. 
(2) Spectral functionals 
/0 [~,~(2, q z,Z)= exp[-)o(d+ + cos fl)]Jm(2sin fl)P,~(cosfl) sin' flcos~ fld ft. 
The series representation for these functionals is valid 
exp( 2kd+ )s~,~ Z.., - V-,(_I) j+, [1 + ( -  1),-~+z+n-Z~lkm+2J +" 
j,n=o 2m+2jj!(1 + m)!n! 
× B {½(q -c+x+n -2 t¢+ 1), [ r / - c+ ½(r -  1 ) -  2K+ 1]}. 
(3) The components of the kernel 
(D.1) 
(D.2) 
(D.3) 
p~m(~hZ, X) = ffp,5+, (2d+ + cos f l '~d .  /] m sin~ flc°sZ fl P~ (cos fl) ~ dfl, (D.4) 
where 
d, = ¢4d 2 + 4d+ cos fl + 1. 
(4) The components of the kernel. In order to derive representation (7.14) from (7.13) we make 
to use formula (A.7), taking into account he following relations: 
BJ = ]wIJ[Tj(O) + iUj(O)], ln( -m) = In + i(x + arccos 0). 
Here the representation for Chebyshew's polynomials (B.6) has been used: O = (2d+ +cos fl)/]m]. 
Then we obtain expressions for the components of kernel (7.14): 
K=K1 +1(2, (D.5) 
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where 
K~ ---- exp(- 2d+ k){ C [P (ck, sm, s, 1 ) - P (ok, cm, c, O) + P (sk, cm, s, 1 ) + P (sk, sm, c, 0)1 
+ [Pin (ck, sm, s, 1)-~n (ck, cm, c,O)+Pl. (sk, cm, s, l)+P1. (sk, sm, c,O)] 
+ ~[P(sk, sm, s, 1) -P (sk ,  cm, c,O) -P (ck ,  cm, s, 1) -P (ck ,  sm, c,O)] 
+ [p~c (sk, sm, s, 1)--Par~ (sk, cm, c,O)--Par~ (ck, cm, s, 1)-  P~r~ (ck, sm, c,O)]}, 
K2 =-  ~--~ (-1) j * ( j+  l)[Tj(sm, s, 1 ) -T j (cm,  c ,O) -U j (cm,  s, 1 ) -U : (sm,  c,O)] 
j= l  
- -  kJ-v-l( V - -  j ) ! [T j -v -1  (sm, s, 1) 
j=O 
- ~-,,-1 (cm, c,O)-Uj_v_l (cm, s, 1 ) -U j  .... i(sm, c,O)], 
/£ = exp( -2d+k )[P (ck, sin, s, 1 ) - P (ck, cm, c, O) + P (sk, cm, s, 1 ) + P (sk, sin, c, 0)]. 
Expressions for the integral quantities P, ~, Uj have the following form: 
~(ck  cm 
P sk sm 
:/0.l.cos,,COS . ,>)(cos, cos, . ~sin (ksmflsin sin mT) (sin / P~ (c°sfl)sin'TsinfldTdfi '  
+-+ 
P(~rc'° ) (ck, cm, c,O) 
/:I ( ) = e_kCOS~cos(ksinflsinT)cosmTcosflp~,(cosfl ) In [~v[ sinfldfldT, arccos O 
c " /cos "~ (cos m 
ujTJ \sm(Cm' s z = f UjT): (O) [~v[ j ~ sinm7) \sin fl P~ (cosfl)sin~Tsinfldfld) '. 
By the integration in the Appendix Refs. [7, 14] have been used. 
(D.6) 
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